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Exercise 1

Let ψ be a unit vector in L2 pRq such that xψ, x2ψ P L2 pRq. Prove that

xX2yψ ě pxXyψq
2 , (1)

where as we defined in class, X is the operator given by the multliplication by x and

xAyψ :“ xψ,Aψy. (2)

Hint: Use Jensen inequality.

Exercise 2

Let α :“ tαnunPZ be a sequence of complex numbers. Consider the Hilbert space of
the square integrable functions h :“ l2 pZq. Consider the operator that to the sequence
x :“ txnunPZ associate the sequence Mαx “ tαnxnunPZ.

Suppose that }α}8 :“ supnPZ |αn| ă `8. Prove that Ma is a well defined linear bounded
operator from h to itself and prove that }Mα} “ }α}8.

Exercise 3

Consider the Hilbert space h :“ L2 pRq. And the operator H define

D pHq :“ H2 pRq “
!

ψ P L2 pRq | k2 pψ P L2 pRq
)

H “ ´
~2

2m

B2

Bx2
` V pXq ,

where the operator pV pXqψq pxq “ V pxqψ pxq, with

V pxq :“

"

´C if |x| ď A,
0 if |x| ą A,

(3)

and with A and C positive constants. Consider E P p´8,´Cs and prove that there is no
nonzero ψE P D pHq such that

HψE “ EψE . (4)
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Exercise 4

Let h, H and D pHq as in Exercise 3. In class we saw that for any E P p´C, 0q there is
always at least one nonzero even solution ψE to the problem HψE “ EψE .

Prove that if A
?

2mC~ ď π
2 there are no nonzero odd solutions, and for larger values of

C there is always at least one.
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